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Abstract
A modification of the Holstein-Primakoff transformation is pro-
posed such that creation and annihilation operators for a bosonic field
are rewritten as operators of a SU(2) algebra. Once it is applied to
a quantum Hamiltonian, a subsequent application of the prescription
by Lieb to obtain the classical limit for spin operators allows one to
write efficiently a classical Hamiltonian for the system. This process
is illustrated for the M -atom Jaynes-Cummings model.
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1 INTRODUCTION
Since the establishment of Classical Mechanics, modeling of macroscopic
mechanical systems has been largely relied upon techniques and methods
based on Newtonian, Lagrangian, and Hamiltonian formulations (Goldstein
(2014)). With the advent of Quantum Mechanics, in the beginning of the last
century, that modeling took new forms and techniques, in order to take into
account the new concepts developed and phenomena evidenced by the theory,
now at a microscopic level (Cohen-Tannoudji et al, (1977)). Interestingly,
right at the birth of Quantum Mechanics it was put forth the problem of two
theories well accepted from the point of view of the experimental verification
and that intends to describe the same physical reality: would there be some
kind of transition or conformation of one of these theories to the other, asso-
ciated with the transition microscopic-macroscopic? This so-called classical
limit of Quantum Mechanics continues to be an open and difficult problem.
In the search for a better understanding and for a consistent juxtaposition
of the two theories, a huge set of techniques for modeling and analysis was
established which aimed at treating phenomena of a quantum nature starting
from a corresponding classical description, what was generically called semi-
classical methods (Friedrich & Eckhardt (1997); Brack & Bhaduri, (1997)).
The understanding of the interaction between atoms and electromagnetic
radiation has been one of the issues which were most benefited by this dou-
ble approach. The Jaynes-Cummings model with M atoms (M -JC), from
Quantum Optics, can be considered a sequel to the Dicke maser model (Dicke
(1954); Shore & Knight (1993); Garraway (2011)), considering the interac-
tion of M atoms, each one with two levels separated by an energy , with an
electromagnetic field of a well defined frequency ω0. Describing the M atoms
by pseudo-spin operators Jz, J+ and J−, which realize a SU(2) algebra, and
the field mode by bosonic creation and annihilation operators a† and a, a
quantum Hamiltonian for the M -JC model with h¯ω0 =  can be written as
H = a†a+ Jz +
G√
M
(
aJ+ + a
†J−
)
+
G′√
M
(
a†J+ + aJ−
)
, (1)
where the first two terms count separately the energies of field and atoms,
and the last two terms describe the contributions for the total energy due
to the interactions in the rotating and counter-rotating wave approximations
(Dicke (1954); Shore & Knight (1993); Garraway (2011)). Starting with the
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quantum Hamiltonian operator H(a, a†; Jz, J±) (eq. (1)), a classical Hamil-
tonian function H(qc, pc; qa, pa) can be obtained either by the association of
action-angle variables with SU(2) operators (Aguiar et al, (1991)), or by the
application of the Holstein-Primakoff transformation (Holstein & Primakoff,
(1940)) to these atomic operators in a way to transform them also into
bosonic operators, prior to the definition of variables (qa, pa) (Brandes et al,
(1995); Hillery & Mlodinow, (1985)). In obtaining classical Hamiltonian
functions of the type H(q, p), one always tries to write them in terms of pairs
of canonical conjugate variables (q, p), in the sense of the Hamilton equations
of motion. In possession of this Hamiltonian function, all the apparatus of
the semiclassical methods becomes immediately available for the analysis of
the system.
The Holstein-Primakoff transformation was originally created to treat
the spin operators present in the Heisenberg model, aiming at a description
of magnetization in ferromagnets (Holstein & Primakoff, (1940)). To be
described in section 2, it allows rewriting these SU(2) operators as a bosonic
field given by creation and annihilation operators b† and b. In the case of
the Jaynes-Cummings model, this transformation permits one to treat the
electromagnetic field operators and the atomic operators on the same footing,
in obtaining the classical Hamiltonian function (Brandes et al, (1995); Hillery
& Mlodinow, (1985)). The procedure is summarized as
H
(
a, a†; Jz, J±
)
→ H
(
a, a†; b, b†
)
→ H (p, q) . (2)
In this work, we propose an inversion of the Holstein-Primakoff transfor-
mation and its application to the electromagnetic field operators a and a†,
in a way to rewrite them also as SU(2) pseudo-spin operators. The prescrip-
tion settled by Lieb (Lieb, (1973)), for the obtention of classical variables
from spin operators, makes very efficient the writing down of a Hamiltonian
function. Here, therefore, the procedure to be followed is summarized as
H
(
a, a†; Jz, J±
)
→ H (J2z, J2±; J1z, J1±)→ H (p, q) , (3)
where J1zandJ1± just repeat the original operators Jz, J±. We will see that
this proposal does not alter the quantum results known for the M -JC model
and provides classical Hamiltonian functions which are simpler than those
encountered in the literature.
In section 2, we present the Holstein-Primakoff transformation and the
proposed inversion. In section 3, we apply that inversion to the Jaynes-
Cummings model with M atoms and we calculate its energy spectrum and
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the expected mean value for the quantum observable a†a; we write down
the classical Hamiltonian function H (p, q) from the Hamiltonian operator
H (J2z, J2±; J1z, J1±) and we analyze the phase space (q, p) in terms of the
orbits. Section 4 presents a discussion of the results so obtained and concludes
the article.
2 THE HOLSTEIN-PRIMAKOFF TRANS-
FORMATION AND ITS INVERSION
The subsection below describes succinctly the transformation idealized by
Holstein and Primakoff in 1940 (Holstein & Primakoff, (1940)) with the
aim of treating spin operators in the form of bosonic ones. In the following
subsection, it is inverted so as to treat bosonic operators in the form of spin
ones.
2.1 Bosonization of a spin
Consider a quantum system described by operators Jz, J+ e J−, satisfying
usual commutation relations of SU(2) algebra, and also
Jz |m〉 = m |m〉
J± |m〉 =
√
J (J + 1)−m (m± 1) |m± 1〉, (4)
where |m〉 is eigenstate of the operator Jz, with J integer or half-integer and
m = −J,−J + 1, . . . , J . Here we take h¯ = 1.
Starting with relations (4), the Holstein-Primakoff transformation takes
the definitions
N ≡ J1− Jz n ≡ J −m
|ψn〉 ≡ |m〉 , (5)
with 1 being the identity operator, |ψ0〉 = |+J〉 e |ψ2J〉 = |−J〉, and also
a† |ψn〉 =
√
n+ 1 |ψn+1〉
a |ψn〉 = √n |ψn−1〉 , (6)
to rewrite
N |ψn〉 = (J −m) |m〉 = n |ψn〉
J+ |ψn〉 =
√
2J − (n− 1)√n |ψn−1〉
J− |ψn〉 =
√
n+ 1
√
2J − n |ψn+1〉 .
(7)
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2.2 Spinorization of a boson
In this way, the annihilation and creation operators a and a†, and the
number operator N = a†a satisfy the commutation relations for bosons and
rewrite the spin operators as
Jz = J1− a†a
J+ =
√
2J1− a†a a
J− = a†
√
2J1− a†a.
(8)
Note that the bosonic operator N measures the “distance” to the maxi-
mum value m = +J . Besides that, a† |ψ2J〉 = 0 e a |ψ0〉 = 0.
With this prescription, the transformation bosonizes the spin system.
This is the action initially aimed at by Holstein and Primakoff, and in this
way it has been used in the literature.
2.2 Spinorization of a boson
We propose here an inversion of the Holstein-Primakoff transformation, in
such a way to spinorize bosonic operators.
With the intention of rewriting the bosonic field operators as SU(2) op-
erators, we define
N ≡ J1+ Jz n ≡ J +m
|ψn〉 ≡ |m〉 . (9)
Observe that, now, |ψ0〉 = |−J〉 e |ψ2J〉 = |+J〉, and N counts the number
of excitations starting at the lowest eigenvalue of Jz.
Therefore, the same relations (6) provide
J+ |ψn〉 =
√
n+ 1
√
2J − n |ψn+1〉
J− |ψn〉 =
√
2J − (n− 1)√n |ψn−1〉 (10)
and rewrite the bosonic operators a, a† and N = a†a as
a†a = J1+ Jz a† = J+ 1√J1−Jz a =
1√
J1− Jz J− (11)
with Jz, J+ and J− satisfying the SU(2) commutation relations.
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3 APPLICATION TO THE JAYNES-CUMMINGS
MODEL WITH M ATOMS
As we mentioned in the Introduction, the M -JC model can be described as
the interaction of a spin J (SU(2) atomic part) with one mode of electro-
magnetic field (bosonic part). In the subsection below, we use the proposal
of spinorization of the field as part of the quantum treatment of the model;
in the following subsection, we obtain the classical Hamiltonian function as
part of the semiclassical treatment.
3.1 Quantum treatment
Applying the transformation (11) to the operators in Hamiltonian M -JC
written as
H =  a†a+ J1z + g
(
aJ1+ + a
†J1−
)
+ g′
(
a†J1+ + aJ1−
)
, (12)
we obtain
H = J21+  (J1z + J2z) + g
(
1√
J21− J2z J2−J1+ + J2+
1√
J21− J2z J1−
)
(13)
+g′
(
J2+
1√
J21− J2z J1+ +
1√
J21− J2z J2−J1−
)
,
where J2 is the (constant) value of the second spin, generated from the op-
erators a†, a, and a†a.
In the rotating wave approximation (Dicke (1954); Shore & Knight (1993);
Garraway (2011)), with g′ = 0 and g 6= 0, the observable 
(
a†a+ J1z
)
—
and, therefore, also  (J1z + J2z) — is a constant of motion. In the counter-
rotating wave approximation, with g = 0 and g′ 6= 0, we have as a constant
the observable 
(
a†a− J1z
)
— and, therefore, also  (J2z − J1z). In this way,
the computation of spectra and eigenstates for the M -JC model will be done
taking into account these constants, considerably reducing the size of the
matrix to be diagonalized. In Figures 1 and 2 we show, respectively, spectra
and mean value for the observable a†a for various values of the parameters
g (with g′ = 0) and g′ (with g = 0).
These results reproduce correctly those ones obtained with the original
Hamiltonian (1). In fact, the appeal of the inversion used here relies upon
the generation of the corresponding classical Hamiltonian function.
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3.2 Semiclassical treatment
Figure 1: To the left, spectra for J1 = 25 = J2 and values g =
0.5, 1.0, 1.5, 2.0, 2.5 (from red to black) in the rotating wave approxi-
mation (g′ = 0); to the right, the mean value of the operator a†a with  = 1,
for the ground state.
3.2 Semiclassical treatment
Using the prescription proposed by Lieb (Lieb, (1973))
jk = lim
h¯→0
J→∞
Jk
h¯
√
J (J + 1)
(k = +,−, z) , (14)
and taking spherical coordinates over the unitary sphere, a standard treat-
ment for the limit of spin operators, we get
h = j2 +  (p1 + p2) + 2g
√
1 + p2
√
1− p12 cos (q2 − q1) (15)
+2g′
√
1 + p2
√
1− p12 cos (q2 + q1) ,
where pi = jiz = cos (θi) and qi = ϕi are pairs of canonical conjugate vari-
ables.
The canonical transformation
pa =
p2+p1
2
qa = q2 + q1
pb =
p2−p1
2
qb = q2 − q1
(16)
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3.2 Semiclassical treatment
Figure 2: To the left, spectra for J1 = 25 = J2 and values g
′ =
0.5, 1.0, 1.5, 2.0, 2.5 (from red to black) in the counter-rotating wave
approximation (g = 0); to the right, the mean value of the operator a†a
with  = 1, for the ground state.
leads to
H = A+ pa + λ
√
1 + (pa + pb)
√
1− (pa − pb)2 cos (qb) (17)
+λ′
√
1 + (pa + pb)
√
1− (pa − pb)2 cos (qa) ,
in which A is a constant of motion with no contribution to the dynamics,
and where  = 1 was used as energy unity.
For λ′ = 0 — rotating wave approximation — (p2 + p1) is constant and
also pa. Discarding the constants A e pa in this case, we have
Hλ′=0 = λ (1 + p)
√
1− p cos (q) , (18)
where we removed the index b, then unnecessary.
For λ = 0 — counter-rotating wave approximation — (p2 − p1) is constant
and so is pb. Again discarding the constants, we have
Hλ=0 = p+ λ′ (1 + p)
√
1− p cos (q) . (19)
Figure 3 shows phase spaces for the cases λ = 1 (λ′ = 0) and λ′ = 1
(λ = 0).
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Figure 3: To the left, classical phase space for λ = 1 in the case rotating
wave (λ′ = 0); to the right, classical phase space for λ′ = 1 in the case
counter-rotating wave (λ = 0).
4 DISCUSSION AND CONCLUSION
The semiclassical methods, applied to the obtained Hamiltonian function,
allow one to establish a variety of connections between the phase space and
the results obtained with the quantum treatment. The open orbits are asso-
ciated with the first term of the quantum Hamiltonian, which measures the
energy of the elements without considering the interactions. The closed orbits
appear when the interaction energy becomes appreciable. The periodic or-
bit which separates these two classes — present in the counter-rotating case
— possesses an energy corresponding to the inflection point in the quan-
tum spectrum. In the cases shown here, this inflection can be evidenced
with the computation of the second derivative of the spectral curves. Be-
sides these connections, it is possible to show (Moreira et al (2008)) that,
in the counter-rotating wave approximation, the change in stability of the
orbits — evidenced by the appearance of close orbits — signals a quantum
phase transition. All these connections become accessible once the classical
Hamiltonian function is written down.
This process of obtaining a classical Hamiltonian function can be done
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REFERENCES
in various ways (Aguiar et al, (1991); Brandes et al, (1995); Hillery &
Mlodinow, (1985)). We have shown in this work that the application of
the Holstein-Primakoff transformation to the bosonic operators produce a
description made solely in terms of SU(2) operators, and the prescription
by Lieb (Lieb, (1973)) for the classical limit of these operators makes very
efficient the obtention of the classical Hamiltonian.
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